For a given graph H and n ≥
Introduction
We use [2] for terminology and notation not defined here and consider finite and simple graphs only. If K n is edge-coloured in a given way and a subgraph H contains no two edges of the same colour, then H will be called a totally multicoloured (TMC) or rainbow subgraph of K n and we shall say that K n contains a TMC or rainbow H. For a graph H and an integer n, let f (n, H) denote the maximum number of colours in an edge-colouring of K n with no TMC H. The numbers f (n, H) are called anti-ramsey numbers and have been introduced by Erdős, Simonovits and Sós [4] .
We now define rb(n, H) as the minimum number of colours such that any edge-colouring of K n with at least rb(n, H) = f (n, H) + 1 colours contains a TMC or rainbow subgraph isomorphic to H. The numbers rb(n, H) will be called rainbow numbers.
For a given family H of finite graphs ext(n, H) =: max{|E(G)| | H ⊂ G if H ∈ H, |V (G)| = n}, that is, let ext(n, H) be the maximum number of edges a graph G of order n can have if it has no subgraph from H. The graphs attaining the maximum for a given n are called extremal graphs. The numbers ext(n, H) are called Turán numbers [13] .
For a given graph H, let H be the family of all graphs which are obtained by deleting one edge from H. If G is a graph of order n which does not contain any member of H as a subgraph, then a TMC copy of G and one extra colour for all remaining edges (of K n ) has no TMC subgraph H. Hence, f (n, H) ≥ ext(n, H) + 1. Moreover, if we take a rainbow subgraph with ext(n, H) + 1 edges, then it contains a rainbow subgraph isomorphic to H. Hence (cf. [4] ) ext(n, H) + 2 ≤ f (n, H) + 1 = rb(n, H) ≤ ext(n, H) + 1.
(
The lower bound is sharp for some graph classes. This has been shown if H is a complete graph on k ≥ 3 vertices in [10, 12] and if H is a matching with k edges and n ≥ 2k + 1 in [5, 12] .
Erdős, Simonovits and Sós [4] showed that f (n, H)/ n 2 → 1 − 1 d as n → ∞, where d + 1 = min{χ(H −e) | e ∈ E(H)}, and that f (n, H)−ext(n, H) = o(n 2 ). Hence the rainbow numbers are asymptotically known if min{χ(H −e) | e ∈ E(H)} ≥ 3. If min{χ(H −e) | e ∈ E(H)} ≤ 2, then the situation is quite different.
For cycles the following result (which has been conjectured by Erdős, Simonovits and Sós [4] ) has been shown by Montellano-Ballesteros and Neumann-Lara [11] .
Theorem 1 [11] Let n ≥ k ≥ 3. Then rb(n, C k ) = ⌊ Gorgol [6] has considered a cycle C k with a pendant edge, denoted C + k , and computed all rainbow numbers.
However, if we add two (or more) edges to a cycle C k , the situation becomes surprisingly interesting.
Rainbow numbers and cyclomatic number
Before presenting our main results we introduce some additional notation (similar as in [9] ), which will be used frequently in the proofs.
For a set C of colours let Γ : E(G) → C(G) be an edge-colouring of G and let F be a subgraph of G. Γ[F ] will denote the image of Γ restricted to the set E(F ), and F will be called rainbow, if no pair of edges of F receive the same colour., i.e. |E(F )| = |Γ[F ]|. Given w ∈ V (F ), let S(w, F ) be the set of colours c ∈ Γ(F ) such that for every e ∈ E(F ), if Γ(E) = c then e is incident to the vertex w. If F ∼ = G, then we will write S(w). Observe that for every w ∈ V (F ), if c ∈ S(w, F ) then
For each colour i let
The cyclomatic number v(G) of a connected graph G is defined as v(G) = |E(G)| − |V (G)| + 1 and measures, how many edges have to be deleted from a given graph G in order to make it acyclic.
Theorem 3 Let H be a graph of order p ≥ 4 and cyclomatic number v(H) ≥ 2. Then rb(K n , H) cannot be bounded from above by a function which is linear in n.
For the proof of this Theorem we apply the following Theorem of Erdős.
Theorem 4 (Erdős [3] ) For every pair of integers g ≥ 4, k ≥ 3 there is a graph with girth at least g and with chromatic number at least k.
Proof: Choose g = p + 1 and k arbitrarily. Then by Theorem 4 there is a graph F with girth g ≥ p + 1 and χ(F ) ≥ k + 1. We may assume δ(F ) ≥ k, since otherwise we could delete vertices of degree ≤ k − 1. For t ≥ 1 let F t be the graph consisting of t pairwise vertex-disjoint copies of F. Let n = t|V (F )| and choose a copy of F t ⊂ K n . Colour all edges of F t distinct and all remaining edges with another colour c * .
Since F t has girth g > p and all cycles in H have length at most p, we have to delete at least two edges from H in order to make it acyclic. Hence in every copy of H at least two edges have the same colour c * and so rb(K n , H) ≥ kn 2 + 2. ✷ If v(H) = 1, then the situation is quite different. If H has cyclomatic number v(H) = 1, then we can show an upper bound for rb(K n , H), which is linear in n. A lower bound for those rainbow number depends on the length of the unique cycle of H. Therefore we will prove the following Theorem. 
where n ≥ p and r is the residue of n modulo k − 1.
Proof:
The lower bound is given by Theorem 1. Our proof for the upper bound is by induction on the order n.
there is a rainbow copy of H. So we may assume that n ≥ p + 1. If there is a vertex v with |S(v)| ≤ p − 2, then we apply induction. Hence we may assume that |S(v)| ≥ p − 1 for every vertex v ∈ V (G). By Theorem 1 G contains a rainbow cycle C k . Now we can extend this cycle C k to a copy of H by properly choosing p − k additional vertices, since |S(v)| ≥ p − 1 for every vertex v ∈ V (G). ✷
Rainbow numbers for the bull
Let B be the unique graph with 5 vertices and degree sequence (1, 1, 2, 3, 3), which is called the bull. By Theorem 5 we obtain n ≤ rb(K n , B) ≤ 3n − 5. Here we have been able to compute all rainbow numbers for the bull.
Theorem 6 rb(5, B) = 6 and rb(n, B) = n + 2 for n ≥ 6.
Proof: Let G ∼ = K 5 and choose a K 3 and a K 2 , which are vertex disjoint. Colour the four included edges with four distinct colours and all remaining edges with a fifth colour. Then G contains no rainbow bull. So consider an edge colouring of G with six colours. With rb(K 5 , K 3 ) = 5 we conclude that G contains a rainbow K 3 . We distinguish three cases.
Case 1 G contains a rainbow K 4 Let w 1 , w 2 , w 3 , w 4 be the vertices of the K 4 , whose six edges are coloured with colours 1, 2, . . . , 6. Let w 5 be the fifth vertex and consider an edge incident with w 5 , say w 5 w 1 . Then c(w 1 w 5 ) ∈ {1, 2, . . . , 6} and we always find a rainbow bull.
Case 2 G contains a rainbow K 4 − e, but no rainbow K 4 Let w 1 , w 2 , w 3 , w 4 be the vertices of the K 4 − e, whose five edges are coloured with colours 1, 2, . . . , 5. Then there is an edge w 5 w i for some 1 ≤ i ≤ 4 with c(w 5 w i ) = 6 and we always find a rainbow bull.
Case 3 G contains a rainbow K 3 , but no rainbow K 4 − e Let w 1 , w 2 , w 3 be the vertices of the rainbow K 3 , whose edges are coloured with the three colours 1, 2, 3, and let w 4 , w 5 be the two other vertices. If (i.e.) c(w 1 w 4 ) = 4 and c(w 2 w 5 ) = 5, then there is rainbow bull. Repeating these arguments we either find a rainbow bull or conclude that c(w 4 w 1 ) = 4, c(w 5 w 1 ) = 5, c(w 4 w 5 ) = 6. Now any colour from {1, 2, . . . , 6} for an edge w i w j for 2 ≤ i ≤ 3 and 4 ≤ j ≤ 5 yields a rainbow bull. ✷ Lemma 1 rb(K n , B) ≥ n + 2 for all n ≥ 6.
Proof: Let r be the remainder of n modulo 3. Then n = 3(⌊ n 3 ⌋ − r) + 4r. Now choose a collection of pairwise vertex disjoint (⌊ n 3 ⌋ − r) C 3 's and r C 4 's and colour all their edges with n distinct colours and all remaining edges of K n with another colour. Then G contains no rainbow bull. ✷ Proposition 2 rb(K 6 , B) = 8.
Proof: Let the edges of K 6 be coloured with 8 colours.
Proof:
then there is a rainbow bull in G − v by induction. Hence we may assume
Proof: Suppose |S(w)| ≥ 3 for a vertex w ∈ V (G). Let c(ww i ) = i ∈ C * for three vertices w 1 , w 2 , w 3 . If c(w i w j ) = p for some i, j ∈ {1, 2, 3} with i = j and p / ∈ {1, 2, 3}, then c(w i u) = c(w j u) = p for all u ∈ V \ {w, w 1 , w 2 , w 3 }, otherwise we would have a rainbow bull generated by w, w 1 , w 2 , w 3 , u.
. Suppose |C| = n + 2. Then by Lemma 2
, and G contains no rainbow bull, then there is some k ∈ C \ {1, 2, 3} such that c(e) = k for all edges e = uw with
Since there is no rainbow bull we conclude first that c(vw i ) = 4 for all vertices v ∈ V (G) \ (V (H) ∪ {u}) and i = 2, 3, then c(uw i ) = 4 for i = 2, 3, and finally c(vw
, and G contains no rainbow bull, then there is some k ∈ C \ {1, 2, 3, 4} such that c(e) = k for all edges e = uw with
Since there is no rainbow bull we conclude first that c(w 2 w 4 ) = 5, then c(vw i ) = 5 for all vertices v ∈ V (G) \ V (H) and i = 1, 2, 3, 4, and finally c(w
Proof: We consider the edge w 2 w 4 . By the assumption c(w 2 w 4 ) = c(w i w i+1 ) for 1 ≤ i ≤ k−1.
Hence {w 1 , w 2 , w 3 , w 4 , w 5 } generate a rainbow bull. ✷ Case 1 c 1 = n, c 2 = 0, c 3 = 2 Let H be the graph induced by all colours i with |E i | = 1. So |E(H)| = n. Since |S(v)| = 2 for every vertex v ∈ V (G) and by Lemma 5 we conclude that H is a collection of pairwise vertex-disjoint 3-cycles and 4-cycles. Moreover, n ≥ 7, so with Lemma 3 and Lemma 4 we conclude |C| = n + 1 < n + 2, a contradiction.
Let H be the graph induced by all colours i with
for every vertex v ∈ V (G) and by Lemma 5 we conclude that H is a collection of pairwise vertex-disjoint 3-cycles and 4-cycles and a path P k for some 1 ≤ k ≤ 4. For k = 1 using Lemma 3 and Lemma 4 we obtain |C| = n − 1 + 1 = n < n + 2, a contradiction. Hence we may assume that 2 ≤ k ≤ 4. Let w 1 , . . . , w k be the vertices of the path with edges w i w i+1 for 1 ≤ i ≤ k − 1. Suppose G contains no rainbow bull. By Lemma 3 and Lemma 4 there is a colour p such that c(w i v) = p for all edges
Hence p / ∈ S(w 1 ) ∪ S(w k ). With |S(w 1 )| = |S(w k )| = 2 and c(w 1 w k ) / ∈ C 1 we conclude that k = 4. Furthermore, using c 2 = 2, we obtain c(w 1 w 3 ) = c(w 1 w 4 ) and c(w 1 w 4 ) = c(w 2 w 4 ), a contradiction. ✷
Proof: First suppose that there are two vertices w 1 , w 2 ∈ V (G) such that 1, 2 ∈ S(w 1 ) and 3, 4 ∈ S(w 2 ). Then
Now we obtain
By the assumption (n ≥ 7) we consider the case n = 7. Moreover, if . . , w 7 with w 1 w 2 , w 3 w 4 , w 5 w 6 , w 6 w 7 , w 5 w 7 ∈ E(G) and c(w 1 w 2 ) = 5, c(w 3 w 4 ) = 6, c(w 5 w 6 ) = 7, c(w 6 w 7 ) = 8, c(w 5 w 7 ) = 9 such that i ∈ C * for 5 ≤ i ≤ 9. By Lemma 3 we conclude that there is only one colour among all edges w i w j for 1 ≤ i ≤ 4 and 5 ≤ j ≤ 7. But we have c 3 = 0, a contradiction.
✷ ✷✷
Rainbow numbers for the diamond
We now consider the graph D = K 4 − e, which is called the diamond. This graph contains a C 3 and has cyclomatic number v(D) = 2.
In [8] projective planes have been used to construct an infinite family of graphs with girth 6 (i.e. {C 3 , C 4 , C 5 }-free) having Ω(n 3 2 ) edges. This means that ext(n, {C 3 , C 4 , C 5 }) = Ω(n 3 2 ) and so by (2) we deduce
Montellano-Ballesteros [9] has shown an upper bound for the rainbow number of the diamond.
For the extremal numbers ext(n, {C 3 , C 4 }) the following bounds have been shown in [8] .
By (9) we obtain
Corollary 1 and Corollary 2 give
With Theorem 7 and Theorem 9 we obtain Corollary 4
In the following we will compute the rainbow numbers rb(K n , D) for 4 ≤ n ≤ 10. It turns out that these values are all equal to the lower bound in (9) . The extremal numbers ext(n, {C 3 , C 4 } have been computed in [8] . Here we list the values for 4 ≤ n ≤ 16. 
Corollary 5 ext(n, {K 1,3 + e, C 4 }) = ext(n, {C 3 , C 4 }) for 4 ≤ n ≤ 10.
Proof: H(D) = {K 1,3 + e, C 4 } and so ext(n, {C 3 ,
In the proof of Theorem 10 we will use the following helpful Lemma.
Proof: Let K n be edge coloured and let F be a rainbow K 2,3 with vertices w 1 , w 2 , . . . , w 5 and edges w i w j for 1 ≤ i ≤ 2, 3 ≤ j ≤ 5. Let c(w 1 w i+2 ) = i, c(w 2 w i+2 ) = i + 3 for 1 ≤ i ≤ 3. Now consider the edge w 1 w 2 . If c(w 1 w 2 ) = x with x ∈ C \ {1, 2, . . . , 6}, then F + w 1 w 2 contains a rainbow D. Otherwise, if c(w 1 w 2 ) = c(e) ∈ {1, 2, . . . , 6} for an edge e ∈ E(F ), then F + w 1 w 2 − e contains a rainbow D. ✷ Proof: (of Theorem 10) We will give a seperate proof for each value of n, 4 ≤ n ≤ 10. In [1] anti-ramsey numbers have been computed for small complete bipartite graphs.
So we deduce
We say that {w 1 , w 2 , w 3 , w 4 , w 5 } generate a K 2,3 , where d(w 1 ) = d(w 2 ) = 3 and d(w 3 ) = d(w 4 ) = d(w 5 ) = 2. Now we will compute the rainbow numbers rb(K n , K 2,3 ) for 5 ≤ n ≤ 8.
Consider a K 4 and a K 1 , which are vertex disjoint. Colour the six edges of the K 4 distinct and all remaining edges with another colour. Then there is no rainbow K 2,3 . Hence rb(K 5 , K 2,3 ) ≥ 8. Consider 8 edges of a K 5 with distinct colours. The induced graph is isomorphic to either K 5 − P 3 or K 5 − 2K 2 . In both cases we find a rainbow K 2,3 .
✷ rb(K 6 , K 2,3 ) = 10 Proof: Consider a K 4 with vertices w 1 , w 2 , w 3 , w 4 , and let w 5 , w 6 be the two other vertices. Colour all edges of the K 4 distinct with colours 1, 2, . . . , 6 and let c(w 5 w 6 ) = 7, c(w 5 w i ) = 8, c(w 6 w i ) = 9 for 1 ≤ i ≤ 4. Then there is no rainbow K 2,3 . Hence rb(K 6 , K 2,3 ) ≥ 10. Let the edges of K 6 be coloured with 10 colours and let F be a rainbow subgraph of K 6 with 10 edges. Since rb(K 6 , D) = 8, there is a rainbow K 4 − e. If there is a rainbow K 4 , then |N (v) ∩ V (K 4 )| ≥ 2 for a vertex v outside of the K 4 and we obtain a rainbow K 2,3 . Hence we may assume that F contains a rainbow K 4 − e, but no rainbow K 4 . Let w 1 , w 2 , w 3 , w 4 be the vertices of the K 4 − e with edges w 1 w 2 , w 2 w 3 , w 3 w 4 , w 4 w 1 , w 1 w 3 . If w 5 w i , w 5 w i+2 ∈ E(F ) for some i, 1 ≤ i ≤ 2, then there is a rainbow K 2,3 . Hence we may assume that d K 4 −e (w 5 ) = d K 4 −e (w 6 ) = 2 and w 5 w 6 ∈ E(F ). Moreover, N K 4 −e (w 5 ) = {w i , w i+1 } and N K 4 −e (w 6 ) = {w j , w j+1 } for some 1 ≤ i, j ≤ 4. If j = i or j = i + 2, then there is a rainbow K 2,3 . So assume j = i + 1. If i = 1, j = 2 or i = 3, j = 4, then there is a rainbow K 2,3 . Hence assume i = 2, j = 3. Then there is rainbow W 5 (wheel on six vertices). We relabel the vertices w 1 , w 2 , . . . , w 6 such that w i w i+1 , w i w 6 ∈ E(F ) for 1 ≤ i ≤ 5 (i + 1 modulo 5).
Let F ′ = F + w 2 w 5 . Then the three sets of vertices V 1 = {w 5 , w 6 , w 1 , w 2 , w 4 }, V 2 = {w 2 , w 6 , w 1 , w 3 , w 5 }, V 3 = {w 3 , w 5 , w 2 , w 4 , w 6 } each generate a K 2,3 . Using V 1 , V 2 , V 3 we observe that F ′ − e = F + w 2 w 5 − e contains a rainbow K 2,3 for any edge e ∈ E(F ).
✷
Proof: Consider a K 3 and a K 4 , which are vertex disjoint. Let the vertices of the K 3 be w 1 , w 2 , w 3 , and the vertices of the K 4 be w 4 , w 5 , w 6 , w 7 . Colour all edges of the K 3 distinct with colours 1, 2, 3 and all edges of the K 4 distinct with colours 4, 5, . . . , 9. Next let c(w
Let the edges of K 7 be coloured with 12 colours and let F be a rainbow subgraph of K 7 with 12 edges such that ∆(F ) is maximum. If |S(v)| ≤ 2 for a vertex v ∈ V (G), then G has a rainbow This gives c 1 ≥ 9 and so c 2 ≤ 3. Thus there is a vertex w ∈ V (G) with S(w) ⊂ C 1 . Since ∆(F ) = 4 exactly three edges incident with w are coloured with a colour from C 3 which implies c 1 = 10, c 2 = c 3 = 1. So there are vertices w 1 , w 2 , w 3 ∈ V (G) such that c(w 1 w 2 ) = c(w 1 w 3 ) = i ∈ C 2 . Now S(w 2 ) ⊂ C 1 and hence there are two edges incident with w 2 which have a colour different from S(w 2 ) ∪ {i}. But then ∆(F ) ≥ 5, a contradiction.
Let w 1 ∈ V (F ) be a vertex with d F (w 1 ) = 4 and let w 2 , . . . , w 5 be its neighbours. Let w 6 , w 7 be the remaining vertices. If |N F (w i ) ∩ N F (w 1 )| ≥ 3 for a vertex w i with i ∈ {6, 7}, then there is a rainbow K 2,3 as in the previous case. Hence we may assume that d F (w 6 ) = d F (w 7 ) = 3 and w 6 w 7 ∈ E(F ). Let w 2 w 6 , w 3 w 6 ∈ E(F ). If w 2 w 7 , w 3 w 7 ∈ E(F ), then there is a rainbow K 2,3 . Hence we may assume that w 2 w 7 / ∈ E(F ). With |S(w 2 )| ≥ 3
there is an edge w 2 w i for some 3 ≤ i ≤ 5 with c(w 2 w i ) = p ∈ C * . If i ∈ {4, 5}, then c(w 3 w i ) / ∈ {c(w 1 w 2 ), c(w 1 w 3 ), c(w 2 w 6 ), c(w 2 w 7 ), c(w 2 w i ), } and so {w 2 , w 3 , w 1 , w i , w 6 } form a rainbow K 2,3 . Otherwise we have N F (w 7 )∩N F (w 1 ) = {w 4 , w 5 } and c(w 2 w 3 ) = p, c(w 4 w 5 ) = q for some p = q with p, q ∈ C 1 . Then c(w i w j ) = r for some r ∈ C 3 for 2 ≤ i ≤ 3, 4 ≤ j ≤ 5. Now observe that the four edges w 6 w i , 2 ≤ i ≤ 5, are coloured with exactly two distinct colours. If c(w 6 w 4 ) = c(w 6 w 2 ), then {w 3 , w 4 , w 1 , w 2 , w 6 } form a rainbow K 2,3 . If c(w 6 w 4 ) = c(w 6 w 3 ), then {w 2 , w 4 , w 1 , w 3 , w 6 } form a rainbow
The proof is given in the appendix.
Rainbow numbers for the house
The complement P 5 of the graph P 5 is known as the house H. Then In order to show an upper bound we now show
Proof: Let K n be edge coloured and let F be a rainbow K 2,4 with vertices w 1 , w 2 , . . . , w 6 and edges w i w j for 1 ≤ i ≤ 2, 3 ≤ j ≤ 6. Let c(w 1 w i+2 ) = i, c(w 2 w i+2 ) = i + 4 for 1 ≤ i ≤ 4. Now consider the edge w 3 w 4 . If c(w 3 w 4 ) = x with x ∈ C \ {1, 2, . . . , 8}, then F + e contains a rainbow H. If c(w 3 w 4 ) = c(e) ∈ {3, 4, 7, 8} for an edge e ∈ E(F ), then F + w 3 w 4 − e contains a rainbow H. If c(w 3 w 4 ) = c(e) ∈ {1, 2, 5, 6} for an edge e ∈ E(F ), then F +w 3 w 4 −e contains a rainbow H. Now we will compute the rainbow numbers rb(K n , H) for 5 ≤ n ≤ 8.
Proof: Consider a K 4+i and take a K 4 and a K i , which are vertex disjoint. Colour the ✷ rb(K 5 , H) = 8 Proof: Consider 8 edges with distinct colours. The induced graph is isomorphic to either
In both cases we find a rainbow H. ✷ rb(K 6 , H) = 9 Proof: Let the edges of K 6 be coloured with 9 colours and let F be a rainbow subgraph of K 6 with 9 edges. Since rb(K 6 , C 5 ) = 9, F contains a rainbow C 5 . Let w 1 , w 2 , . . . , w 5 be the vertices of the C 5 with edges w i w i+1 and colours c(w i w i+1 ) = i for 1 ≤ i ≤ 5. If c(e) ∈ {6, 7, 8, 9} for a chord e of the C 5 , then there is a rainbow H. Hence we may assume that c(e) ∈ {1, 2, . . . , 5} for all chords e of the C 5 . Let w 6 be the sixth vertex. Then d F (w 6 ) = 4. So we may assume that w 6 w i ∈ E(F ) with c(w 6 w i ) = 5 + i for 1 ≤ i ≤ 4. Then we always find a rainbow H. ✷ rb(K 7 , H) = 11 Proof: Let the edges of K 7 be coloured with 11 colours and let F be a rainbow subgraph of K 7 with 11 edges. We follow the proof for n = 6 and consider the C 5 . Let w 6 and w 7 be the two other vertices. If d C 5 (w i ) ≥ 4 for i = 6 or i = 7, then there is a rainbow house. Hence we may assume that d C 5 ≤ 3 for i = 6, 7. If (i.e.) d C 5 (w 6 ) = 3 and w 6 w i , w 6 w i+1 , w 6 w i+3 ∈ E(F ) for some i with 1 ≤ i ≤ 5, then there is a rainbow house. So we may assume that N C 5 (w 6 ) = {w i , w i+1 , w i+2 }, N C 5 (w 7 ) = {w j , w j+1 , w j+2 } for some 1 ≤ i, j ≤ 5, if d C 5 (w 6 ) = 3 or d C 5 (w 7 ) = 3. We distinguish two cases.
We have N C 5 (w 6 ) = {w i , w i+1 , w i+2 } for some i with 1 ≤ i ≤ 5. If N C 5 (w 7 ) = {w i , w i+1 , w i+2 } or N C 5 (w 7 ) = {w i+1 , w i+2 , w i+3 }, then there is a rainbow house. So we may assume that N C 5 (w 7 ) = {w i+2 , w i+3 , w i+4 }. Then c(w 6 w 7 ) has the same (repeated) colour as an edge from F. Now observe that the graph F + w 6 w 7 − e contains a copy of H for any edge e ∈ E(F ). Therefore, G contains a rainbow house.
Case 2 d C 5 (w 6 ) = 3, d C 5 (w 7 ) = 2 Then w 6 w 7 ∈ E(F ). We have N C 5 (w 6 ) = {w i , w i+1 , w i+2 } for some i with 1 ≤ i ≤ 5 and N C 5 (w 7 ) = {w j , w j+1 } or N C 5 (w 7 ) = {w j , w j+2 } for some 1 ≤ j ≤ 5. Now in all possible combinations we find a rainbow house. 
